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0.1 KAewotol tonol xou Ilpooceyyioelg

Tao adpoloyato TEoxOTTOLY TOAD GLYVE TNV AVIAUGCT, dAYOPIIUWY xoOS X GE GAAES ETIOTNUO-
vixéc meptoy€c, Onwg ta owxovouxd. I'vwpilovye 7N xar anodexvieTton ye enoywyr Ot

ii ~n(n+1)
i=1 2

Autég o xheotde tOnog emtpénel TV anotipnon tou adpoiouatog ue oA ebxolo TEoOTO and
OTL av Yévoe otny apyix Tou wop®n. Av xau anodeixvieTton €0x0lo UE ETAY WY 6Tl 0 TOTOC UTHG
oy el 8ev yvwpilouye mwe maphydnxe. Xty Evotnra 0.4, Yo Solue nwg unopolue vo mapdyouue
TE€T0I0UG AAEWOTOUC TOTOLS. Axdua xar 6Tay Bev PropolUE va Bpolue XAEIGTOVUS TUTOUS UTOPOVUE
VoL TpoceYYIoouUE txavoTonTixd €va cUYXEXPWEVO ddpolopa.

Axbuor xar yior YIVOUEVO UTOPOUUE VO EPYACTOVUE UE TOV (Blo tpdmo. Ou aoyolniolue ue 10
TORAYOVTIXO :

n
n!:1><2><---><(n—1)><n:Hi
i=1

Oa neprypdhouye évay TOmO Tou tpooeYYIlel To TapayovTixd xat xakeitow o TUToS Tou Stirling.
Téhog, axoduo xar 6tay dev puropolue va Ppolue ulo tpocéyylom, undpyel TEPINTWOT VA UTOPECOVUE
va Bpolue €va xheotd OO Tou va meplypdget tov pudud adénone. o va to xdvoupe autd Yo
ELOAYOUUE TNV €VVOLIL TNS ACLUTTWTIXAC EXTIUNONG Tou TEPLypdgel Tov puiud avdnTtung.

0.2 Ilopdderypa 1 - Etriowa Eicodnuota

Oua npotyoloate 1.000.000 eupd oruepa 1 50,000 tov ypdvo yio Ty undrowny (whg cag And Ty
wlo, Oha o ypruarta woll eivan wpaio eved and v GAAn av {Roete yia ToAD xoupd T0 T066 tou Vo
TapeTE GUVOAIXA Vo elvon apxeTd PeyaAlTERO.

Tumxd, autd elvon €vo epdtnua mou agopd etrota etlcodfuata. Ilio cuyxexpyéva, éva ethoto
€L0OdNUAL M EVPW Yl 1 YEoOVIa onuaiver 6Tl xdde ypdvo Yio n GuVOlXd ypovia Vo TalpVouUE m
evp®. 'Eva Baoixd epdtnua etvon Tl eivon xahitepo, var o nabpvelc 6ha ato yépl 1 Vo To TolpVELS Ao
ToL AEQTA UE TN Lopt EToou elooduatoc. o mapdderypa, 50.000 cupd o ypdvo yia 20 ypedvia
elvon opxetd Aryotepa and 1.000.000 evpdd oto yepl apol pe auTd T AeQTE UTOPE(TE VoL TOUPVETE
TOX0LG amd TNV TewTH xohag uépa. T yiveton ouwe av urdpyet emhoyy) petagd 50.000 evpw t0
xeovo xou 750.000 oto yépr Tote 1 emhoyn dev elvon xou 1600 Eexdidopn.

IMo va aravthooupe autd to gp@dtnua Yo Tpénet var Yvwpllouue tny anddoor Vo eupl GTO
wEMhov, dnhadn VYa mpénel va yvwpilouue to emitoxio. Ag unodéooupe 6Tt ta ypRuata Tt Balovue
oty tpdnelo ye éva otadepd emitoxnto p, xau €otw 6t p = 3%. Me autdy tov tpbdro, o 10 gupd
ofpepa Yo yivouy e évav ypdvo (1 + p)10 = 10,3 eupd, oe dho ypdvia (1 + p)210 = 10,609 cvpd
X.0.X.

0.2.1 TYmnoloyiowog Etriolouv Ewcodrjpatocg

O otdyoc pog eivan va utoloyioouye pe onuepvr o&ia Eva eThoto e106dNUA M VP Yia n ypdvia. H
TeWTN TANewWH m evpw o&ilel tparypatixd m evpw. ‘Ouwe, N dedtepn tAnpwwy| xootilet m/(1 + p)
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n—1

eupd. Tlapdpola, 1 tpitn TAnpwus xootilet m/(1+p)?, xot n n-ooth Thnpouf xootilet m/(1+p)
Enopévee, n ouvolixt| a&ior V' tou etiiolou elcodriuatog eival 10 d¥polopa OAwV AUT®V TV TOoWV:

_ym
—~ (1+p)~!

Mo vo utohoyiooupe autd to ddpoloua o €vag TpoéTog elval var utohoyioouue GAoug Toug HPOUS
oL adpolopatog VETOVTAG To M, N XAt P 0TI XATIAANAES THES xou v xdvoupe To alpotopa. ‘Ouwng,
av elyape évay xhetot6 010 yia autd 10 ddpotoua Vo ftay ToAD mo evxoho. Apyixd ag ahhd&ouvye
Ayo To dipolopa:

- m
D) Y ——
; (1+p)-t

[y

n—

% (Avuxatdotaon j =i — 1)

1 J

=0 (TP
n—1

=m E ) (Avtixoatdotoon = = ﬁp)
J=0

O 016)0¢ AUTOV TWV AVTIXATACTICEDY EVOL VO TO QEPOLUE OF Wlal wpald LopYr) WOTE Vo Ta-
pdyouue Tov xhewotd TOTO 6Twg Yo dolue oTNY emduevy uroevotnta. Ot dpol Tou adpolopatog
elvon 6pot plac yewuetpixhc oelpds. To yopaxtnpiotind piog yewuetpxnc oelpds elvar 6Tl 0 xd-
e 6poc mpoxOTTEL and TOV TEONYOUUEVO PE €VOV TOMATAACIAGUS. XTNV TEOXEWEVY TEPINTWON
rolhanhactdlovye Ye .

0.2.2 To 'Adpoiocpa IN'ewuetpixrc Xeipdg
Ocwpnua 1 Ia kdde n > 1 ka1 ya kdle x # 1, wyvea

xr =
1—2

1=0

Aréoeily. H anddeiln elvon ye emaywyr 610 n. AQRVETOL VIO TOV AVaYVOOTY). n

BéBawa 1 amddeln pe emaywyr Sev divel Tov Tpomo mapaywYrc tou xhewwtol tomou. T va
xataldfBouye nwg nophydnxe avtdc o TOnog xdvoupe To €€ic xOAto. Av K elvon to dlpolopa TOTE
10 —x K Yo elvor:

K = l4+zt+a?+22 4+ 42!

2K = —zx—a?—ad ... gt g

[MTpooVétwvtag autés Tic 800 eEloWOEL TUlPVOLYE:

K—-zK = 1—-2"=
K - 1—2a"

1—=x
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Enopévwe, av egapudéloupe autdy Tov TOTO Yiol TNV TERITTMOT TOU ETHOLOL EICOOAUATOS €)Y OLYE
OTL YLOL 10 YPOVLOL XOUL 110 EVPW TNV YEOVLA:

n—1

V = mij
§=0
1—2"

1—=x
L ()"

1+p

_ 1
| s

L+p—(75)""
p

= m

Avtxadiotoviag ye m = 50.000 evpdd xou n = 20 ypdvia 10 anotéhecua etvor V'~ 766.190.
Enouévwe pog ouugépet va nalpvouye to €00 elo6dnua Topd vo pag dhaouy 750.000 oto yépt.

0.2.3 ’Arnecipn 'ewpetpixn Xelpd

Ti yivetow av xdnotog pac et 6t Yo pac diver 50.000 evpdd to Ypdvo yia mdvta (6tay QOYoUUE and
™ Lo Yo to tafpvouy ta tadid pog x.0.x.) 1 2.000.000 evpd oo yépr. Ti da emhéZouyue o authy
™V nepintwon

IMa va to Ppolye autd Yo mpénel va Solue TNV anddooT) Tou ETHGLOL EICOORUATOS CHUEP Ao
Bavovtag vodn 6t Yo to malpvouue yia mdvta. Autd otny ovaio Yo to unoloyicovyue nalpvoviag
T0 6pl0 TOL XAel6TOU TOTOL amd To Oebpnua 1 TG YEWUETPXAC aUTAS Oelpds xatig To n Telvel 6To
dnetpo.

Oedpnua 2 Av |z| < 1, tdre

xD
) 1
i_
Zx C1l—=x
=0
Anéoeln.
0 n—1
T . 7
> @t = lm D e
=0 1=0
R R A
= lim
n—oo 1 —x
B 1
1l-z

aol av |z| < 1 1o 2™ telver 6o 0 xade To n Teivel 010 dnELPo.
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Y10 TpdBANUA TOU ETAGIOU ELGOBAUATOC T+ T35 < 1, %o enopévec to eToL0 EL0ODNUYL e ONUEPIVES
Tipéc Va ebvou:

1‘@
1+p
me—P

p
"Apa 670 Bixd pog moapdderyua pe 50.000 gupd To YpdVO Yia TdvTa Yo IGOBUVIUOUOE UE TO VA LIS
€dvay mepinou 1.716.667 evpw. Apa xahbTepa Vo To THPETE OAAL Ta YPHUATA UTPOCTY.
0.2.4 TITapadeiypota

Aedouévou 1ou xhetotol) TOnoU Yo T0 d¥poloyo UidG YEWUETPIXNE OEPdC UTPOOUUE VAL BOOOUUE
Aoom xou va Bpodue To xhetotd TOmO amd To mapaxdTe avpolioyato.

1+1/241/4+1/8+-- i1/2 1_(1/2) =2

0,999999999999999999 = 0,9 (1/10)° —09 =0,9— =1
Z / (1/10) 9

0 .
1-1/2+1/4-1/8+4- = Y (-1/2)' = =2/3

P —(-1/2)

— 1—2n
14+2+44+84.-- 421 = ZT— =2" -1

S 1-3" 3n—1

1 2 n—-1 _ i _
+34+94+27+---+3 23 — 5

Mia yewpetpixt| oeipd Myeta abovoa (glivousa) dtav 1 andhutn Tuh Tov Gpwy tne auidvovto
(newdvovtar). Evag xahdg xavdvag eivar 611 to dpotopa plac yeopetpixic oelpdc Vo eivar tepinou
{oo e tov 6po Tou omolou 1 TN eivon PEYIoTH XaTd andALTY T and GAoug Toug HPOUS TNS GELRAS.

0.3 TIlapdderypo 2 - YzolBaypo BiAlwy

'Eotw 6t éyete pio otoiBa and BiBiio xou Véhovue va ta fdhovye oe éva Tpanéll ue TéTolo TPOTO
wote 1o xde BiPhio va tpoeléyel oe ayéon pe To nponyoluevo tou. IIéco paxpud uropel va eivon
1 dxpn e otolBag and Ty dxper Tou Tpanellol ywelc vo xataoTpégetal 1) oTolBa; Oa uropolcoute
va €yete éva BiBAlo mou va elvar teeing €€w and to tpunéll;

H »xhaooy| andvinon oe autd eivar o1t Oyt, to BiPhio moté dev Ya elvan ohdxAnpo €€w and 10
Tpaméll. Ou dolue 6Tt autd dev elvon alhdeia.
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0.3.1 Opiopog tou IlpoBAjuatog

Oa npooeyyioovue 10 TEOBANa ue avadpowxd teomo. Ildco paxpud uropel vo gptdoet éva PiBAlo
oty dxpr tou tpaneliod: H andvinon elvar 611 epdoov 1o xévtpo Bdpoug tou BiSAiou eivan yéoa oto
tpanéll Sev mpdxettan Vo téoet xat dpo Yo umopel var pTdoet uéypl TN U€on OTWS QUVETIUL XUl GTO
Eyfua 1.

Ké&vtpo Bapoc
/ Biffiiou

NN

Tpanedl
Y

Sy 1: "Eva BiBAlo propel va efvar to mohd xatd 1o Auion extdg tpanello.

Ac vrnodéooupe dti €yovue pio otoifa and Pifiia mou mpoegéyet and 1o tpanéll. Opilouyue v
mpoeboxn uiog otolfac PiBAinv we v optldvtia andotaoy and T0 x€vTpo Pdpous g oTolfug Ewg
T0 dxpo TS. Av o xévtpo Bdpoug e oToifag elvon oty dxper Tou Tpanellol, N TpoeZoy | dnAwveL
Vv andéotaoy B, mou avalnTtdye.

‘Eyovpe #dn napatneroer 6t yio éva Bihio 1 mpoeloyd eivar By = 1/2. 'Eotww 6t éyoupe
wlo otolBa n + 1 Bifhiov pe yéyiotn npoéxtaoy. Av n npoéxtaon twv n BPAMeY mhve and Tto
xatd1epo BBAlo dev Htav uéyiotn Yo uropoloape vo aAAdEoupe autd ta n BiPMa GoTe va €youv
wéylotn npoegoyn. Enouévwe n uéyiotn npoeloy By41 ulog otoiBac n + 1 PiAlwy dnuiovpyeito
tonovetwvtag pia otolfo n Bifhiov pe péyiotn mpoéxtaoyn mdve amd éva Bukio. Ilafpvouue 1
péytotn mpoeloyn yia toe n+ 1 Biffhio v Tomovetoouue to xévtpo walac twv n BBAlwy otny dxpen
0L xATWTEPOL PBBAlou dnwe aiveTon xon 6To Ly ua 2.

Enopévwe &€poupe nwg va tonovetioouye 10 n + 1-00td Bihio Yy péyiotn npoeloyr| xou to
uovo mou amopével eivon vor Ty unoloyioovpe. O amholotepog TEoTOS Elvar va Vewpoouue OTL
otov opldvTio dZova 1 apyt Tou Va eivar o %x€vtpo PBdpouc Twv n BiBMwy. Me autdv Tov TpoTO
n oplovTiar guvteTayUEvn Tou x€vtpou Bdpouc twv n + 1 BifAiwy Yo eivon {on ué v addnon g
npoeoyhic. To xévtpo pdloc tou xatwtepou BiBkiou éyer opllbvtia cuvtetayuévn lon e 1/2, xou
eNOUEVWLS 1 0ptlOVTIA CUVTETAYUEVT TOU X€VTpou pdlag twv n + 1 PiBAlwy elvor:

0-n+(1/2)-11 1
n+1 C2(n+1)

Me ddha Aoyo:
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| |

Ta navw
//2/"’/'.' P58 Kenpo Bapous
: R Teow 1 ndives BiEAy n BiBAia
Kévtpo Bapaug n+1

BipAdv | 5 5 |

|
NN [

TpangéllL 2 n+1)

g My

Eyfua 2: Emnpooietn npoéxtaon yia n + 1 Bkl

1
Bpi1=Bp+ ——
n+1 n+ 2(n T 1)
Omwe Qaiveton xat 0To Yyfua 2. Ectuhiyovtoag autd To GUPoloUd TOlPVOUYE:
1 1 1 1 1 1
B = B —_— —_— = — B — “ee R .
M et sy 2 22 T Ty

Optloupe:

xaw o Hy, eivar o n-oot6e appovikds apiuds. Méypr tépa deifoyue 6t By, = =

0.3.2 Evtpeor tou Adpoiopatog - H Médodog tng ONoxAjpwong

O vmohoyiopdg tou adpolopatog unopel vo yivel enavahnmtind ohhd Yo oy xoaAOTEPO AV UTOPOUGUUE
va anavtioouye dueca (o€ éva Briua) epothoec tou totou: Ildoa BiPAia elvon amapaitnta yio va
€yovye wa npoegoyn ton pe 100 BiBiio; H npwtn npocéyyion Ya oy 0 enavaAnmtixdc Unoroyiowods
TV appovix®dy opriuwy uéyet to 200 (Ya apyfoete ndpa nohl). H &y eivou va Bpolue (éotw xou
TPOOEYYLOTIXE) Wiot ¥AEOTH Lop@n Yia Toug apuovixols aprduolc. Auvotuyde dev LTdpPYEL XAEOTH
woppn, mou va umohoyiler axpiBidg Toug appovixols apttuols ondte xan Vo xataplyouue ot uio

TPOCEYYLOTIXT] XAELOTY Lop®.

Ou yenotponotoovue Ty p€Yodo ohoxhfpwong yia Vo Bpolue uio TPOGEYYIOT TV APUOVIXGY

aptdudy.
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Eyfua 3: H emgpdveia xdtw and v okdAa eivon {on ye tov n-0otd appovixd aprdud. H cuvdptnon
1 ’ ’ ’ 7 7 /7 ’ 7 , ’
< €lvar tavtol yeyahltepn 1 lon o€ oyEomn UE TNV OXAAA XA ETOUEVOS TO OMOXANPOUA TNS ATOTEAE!
Tave @edypo Tou adpoiopatog. AvtioToa n cuvdptno ﬁ_l elvon mavtol wxpdtepn 1 lon and v
OX3NAL X0 ETOUEVKS TO OAOXAAPWUA TNS anoTehel xdtw Qpdyua Tou adpolioyotoc.

H 15éa ng uetddou ohoxhipwong elvon 1o QpddLuo and méve xot and xdte Tou adpolopatog and
amhéC oLUVAPTAOEL OTWS QuiveTal xou 0To Lyfua 3. Apa talpvoupe:

| "1
/ dachn§1+/ —dx
0 CC+1 1 T

and 1o onolo mpoxlnel HTL

Inn+1<H,<1l+Inn

Enopévoe av ¥éhovyue pla otoifa mou va €yel npoegoyn lon ye 3 Bifiio tote Yo npénet and Tig
TORAUTAVE AvVIeOTNTES oUVETdYeTon OTL Yo ypetaotolue petald 149 xon 403 Bifiiwv. Ytnv mpayuatt-
xotnta yeetdlovton 227 Bifio.

0.4 Xeipiopoc AYpoioudtwy xow Médodou

Trdpyouv xdnowor Bacixol xavoveg yelplopol Twv alpoloUdT®wy ToL TOUS YPNOWOTONUE BOTE VA
napdZouue xhelotolg tomous. ‘Eotw 6t K elvon éva nencpacyévo cOvolo axepaiwyv. Avpolopata
Tave oe otowyeio Tou K pmopolv va uetatpanoly ue Baor toug axdroudous xavovec.

ank:cZak (2)

keK keK

Empepiotxy| IBi6tnto.
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S (an+be) =D ar+ Y b (3)

keK keK keK

[Tpooetanpiotiny IdtdTnTaL
doak= Y apm (4)
keK p(k)EK
Metadetiaq Iot6tnta, drou 1 ouvdptnon p(k) eivar pio avadidtaln 1wy aprdumy tou K.
‘Eotw 61t ¥éhouye vo unohoyloouue Tov xAel6Tod THTO Yo To dlpotoua
Sn=Y_ (a+0bk)
0<k<n
And v petadetind BLoTHTA v avTIXATaoTHoOLYE To k and 1o n — k nalpvouye:
Su= Y, (a+bn—k)= > (a+bn—Dbk)
0<n—k<n 0<k<n
Avutéc ol BUo e€lonaelc unopoly va 1pocTedoly YEMOILOTOIWVTAS TNV TPOCETAUPIOTIXN LOTNTA.
2= > ((a+bk)+(a+bn—0bk) = Y  2a+bn
0<k<n 0<k<n
Tdpo unopolue Vo EQUEUOCOUUE TNV ETLUEPIOTIXT] IBLOTNTO X0 VO TUPOUPE TO TENXO ATOTENECUOL
25 = (2a + bn) Z 1=(2a+bn)(n+1)
0<k<n

Alonp®vTag e T0 2 TalpVoLUE TO ANOTEAECUAL:

n

> (a+bk)=(a+ %bn)(n +1)
k=0

0.4.1 E&iocworn AVpolopatog

Ye mohkég mepintwoelg éva dlpoloua S, umopel pe xatdhhnho yepoud va ypagel otV Lopph
Sy = f(Sn) vt xédnow ouvdptnon f. Av AMoouue wc npoc S, Vo unopéoovye va Bpoldue tov
avtiotoryo xhewotd tono. 1o ouyxexpéva, €0tw Sy = Y i<, @k TOTE Ypdouue t0 Sypq e
300 TPOTOUC EZAYOVTAC TOV TEMTO X0t Tov Teheutaio 6p0.

Spt1=Sn+ani1= >  ap=ag+ > ap=

0<k<n+1 1<k<n+1

ap + E Ap+1 =

1<k+1<n+1

ap + E k41 =
0<k<n
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Sn + ant1 = ap + Z af41
0<k<n

Av exgppdoovye to Teheutalo dlpoloua cav cLVAPTNOY TOU Sy TOTE AOVOUUE TNV TAUPXYOUEV
eZloworn xa Bploxovye v Ador.
Mopdderypa 1 Na Ppedel kiewtds timog ya to dipowopa Sy =3 gp<p az®.

Aréoeidn. Arnd v ekioworn adpolopatog naipvouye:

S, + az"t! = 4z + Z azkt!
0<k<n

4 7 N ¢ 2
6mou o dpoloua oo dedLd elvon

and TNV EMUEPLOTIX WBLOTNTAL.
Enoyévac éyouvpe v e€iowon:

S, +az" =a+ 28,

xou ANovovtog wg mpog Sy, malpvouye v Ao
. a—az™!
350t < 070
1—=2
k=0

vz # 1. |

0.4.2 H MéJodog tng OhoxAipwong

Ye auth) ™ puédodo onwe eldaue xou oty Evéotnta 0.3 yenotwonoolue tov oAoxAnpmtixd Aoyiopod
©wote va gpdoupe éva dlpoloua and Thve xou ond XATw. LTOV OAOXANPOTIXG AOYIOW, TO ONOXAY-
pwua eivarl 1 empdvela ueTall TS Ypupixis tapdotaong wiag ouvdptnong xat tou optllovtiou dova
xou 6TV ouoia elvar 10 6plo evog adpoiouatog anelpwy Uxpdv optoywviwy tou tpoceyYilovy TV
Yeupixy| TopdoTacT TS ouvdptnonc. Alwote pnv ey vape 6Tt T0 ohoxAfpwua eival 6Ty ovaia T0
bpto evog adpolopatog 6To dnelpo. Enopévee, unopolye va xdvouue Ty avtioTpogn dradacio xat
va unohoyiloupe mpooeyyiotxd to ddpoiopa (dyt anelpews wxpdyv) oploywVimy YpnotoTowdvTag
ONOUATIPOUOTA.
‘Eotw pla adovoa suvdptnon f : [a,b] — R ouveyrc. Tére:

b b b+1
JRCES SO T (5)
xT k:a a

:a—l xr=

Ouolwcg yio pio pdivousa ouvdptnon f : [a,b] — R cvveyrc:
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Or napandve tomot naphyinoay e wla pédodo mapduota ue autr nou exteréooue otnv Evotn-
Ta 0.3.

Moapdderypa 2 Na Ppefre pia tpoaéyyion tov S, = S p_, (k* + k?).

Arédeiln. Eotww 1 ouveyrc ouvdptnon f(z) = z* + 22 nou elvar yvnoiwe abZovoa 6to [0, +00).
Téte and tov TOmo 5 €youpe:

=0 k=1 =1
:c5+:c3n <g < x5+x3 i
— 4= — 4= =
5 3 z:O_ " 5 3 =1
5 3 5 3
n_+n_§5n§(n+1) (n+17° 1 1
) 3 ) 3 5 3

0.4.3 Ilapaywyion - OhoxApwor tns MeTaBAntrc

‘Evac axépa €é€unvog 1p6Tog Yoo TRV amhonoinon otov unohoylopd evoc adpolopatog elvon 1 ma-
payyton 1§  ohoxhfpwon uloc petafintic. Eotw dbo adpoloyata S, xou FP,. Av deilfouue 6Tt
Sp(x) = a(x) - %z(x) | Sp(z) = a(z) - [ dP,(x)dz téte vnoroyilovtag To &poiopa tou P, Pel-
oxoupe to dpowopa tou S,. H cuvdptnon a(z) yenowonoweitar yia ty 8i6pdwon v Suviuewy
mou oAAACouvY AOY® TNS TOPUYWYIONS 1 TNS OAOXANPWONG.

Mapdderypa 3 Na vrodoyioete to ddpowopua S, = > 1 ix'.

1—gntl

Ardbeln. EBotw P, =Y 7 @', v 1o onolo wylet (Evétnra 0.2) ot P, = 55— Maportneodye
ot
AP, (x) i
R
Enopévoc:

dP,(z) LI L
S, = gx :x2¢x1*1:21x1:2¢x1
i=0 i=0 i=1

Apa:
dl_l’n-H n n+1
g i 1—(n+1)2" +nx
= =
" dx (1—x)?
¢ _T= (n + 1)az" ! 4 ngnt?
=

(1—z)?
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0.4.4 IIpbBAedn tng Andvinong - Anédelrn ue Enaywy

Ye autiy v pédodo pe xdnotov tpémo YVewpilouue TNV xAeloTr woppt| Tou avpolopatog S. Mropel
auT6 va tponhie enedn wag 8OUNxE 1 enEdY| urtopéoaue va To Bpolue ducinTind. E@ocov éyouue
TOV XAEWOTO TOMO Tou S autd oL amopével eivon vo anodeilovue 6Tt loylel. 'H anddeiln yiveton ue
ETAYOYT).

Mopdderypa 4 FEotw éu édovue va Ppodue to ddpowrpa S, = > 1 i%.

Ardoeiln. Apywd Bploxovue plo tpocéyylon touv adpolouatog e tn w€Yodo tne ohoxApwong.

3 3
n g, < nH Y
3 3
Eropévec mpoxiinter 61t o xuplapyoc dpoc tou Sy, Ya ebvar o n? (ypdwouye S, = O(n?) brwc
Vo Sovpe oty Evotnta 0.6) xou Yo efvon évar tohudvupo. ‘Apa xdvoupe tny pavtedid:

- 13

S, =an®+bn?+cen+d

Bdlovtag Tipéc oto n Yo ndpoupe éva chotnua eClowoewy KOoTe va urohoyilovye ta a, b, ¢, d.
Mpdrypart:

0=d
l=a+b+c+d
5=8a+4b+2c+d
14 =27a 4+ 9b+ 3c+d

R

d=0.

o=

’C:

N[

Advovrag 10 mapandve chotnua eZloMoEwY Talpvoupe 6Tt a = %, b =
Enoyévee pavtévovye ot
1 1 1 n(n+1/2)(n+1)
Sp=-n*+-n’+-n=
nT3TTM TG 3
Ou mpénel auTH TNV PovTEPLd var TNV anodelEouUe xaL UE ETAYWYT| Aol xavelc SeV pog eyyudTol
ot mpdrypartt autd Yo elvan To dpotopa.

1(1+1/2)(141) _ (3/2)-2
3 - 3

Mpdrypatt, Yy n = 1 woydel agod S} =1 = = 1. 'Eotw 6T woylet yia

n =k — 1. Ou deilovye 611 oy Vel XU YL N = k.
38, = 3Sk_1 +3k* = (k — 1)(k — 1/2)(k) + 3k* =
(k3 — 3/2k* + 1/2k) + 3k* =
(K* +3/2k% +1/2k) =
k(k+1/2)(k+1)

Enouévwe anodelytnxe.
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0.5 TI'wopeva

Y1y nepintworn tov Véhouye va unohoyioovue éva yivopevo apdudy P, = []; ;| a;,t6t€ 10 peta-
Tpénovpe ot ddpoloua hoyouprduilovtds to xou énerta dTav Ppolue Tov XAE0TH TOTO ENAVERY OUACTE
LVPOVOVTAS T0 6TV xATIAANAT BOvVoUY. Suyxexpévas

n n
InP, = lnHai = Zlnai
i=1 i=1

Ac eqopuolude auTh TNV TEYVIXT OTNV TEQITTWOY TOU TUQAYOVTIXOU:
nl=1-2-3---(n—1)-n
Aoyoprdpilovtoc petatpénovye 1o YIvOUevo ot ddpoloua:
Inn!=In1+mn2+.--+1nn

To &dpotopa autd Vo to ppdiouvue ypnorporodvtas ) uédodo tne ohoxhipwons (o hoydprduog
elvar aO&ovoa cuvdptnomn):

n n n+1
/ lnxdmgzmkg/ In zdx =
1 1

k=1

n
[zlnz —z]] < Zlnk <[zl — ]t
k=1

n
nlnn—n+1< Zlnkﬁ m+1)In(n+1)—n
k=1
Tdodvovtag Ty avicwon cav dOvaurn Tou e Taipvouye:
n" (n + 1)n+1

<n!<
enfl en

2 ’ / ’ / | of ’ 7 n\n
ETEOP.EV(DC KPOOEYYLOTD{O( p.TfOpOUP.EVa TEOUP.E OTL TO N.. €lval TEEPLTEOU [{0)0] ps (e) .
BéBaor undpyel pla mohl xakOtepn npocéyylon 1 onola ovoudletar o tonog tou Stirling yia to

TORAYOVTIXO.

Oecwpnupa 3
n n
2mn <E> 6125‘*1 <n!<V2mn <E> eﬁ
e e

O tirog autdcg diver oe e€apetinn axpifeia To mapayovTind evog apripold. evixd pmopouye va
/. /7 7 n
nobpe 61t 10 n! ebvor mepimov {oo pe v2rn ()"
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