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Abstract

We proposeDSL, a new ScalableDistributedDataStructurefor thedic-
tionary problem,basedon a versionof Skip Lists, asan alternative to both
randomtreesanddeterministicheightbalancedtrees.Our schemeexhibits,
with high probability, logarithmicsearchtime,constantreconstructiontime,
and linear spaceoverhead.Additionally, at the expenseof two additional
pointersperinternalnode,thesearchoperationcouldcostO

�
logd � expected

messages,whered is thedistancebetweenguessedandactualposition.
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1 Introduction

As network technologyevolves,it providesmoreprevalentthetechnologicalfra-
mework known asnetworkcomputing: fastnetworksinterconnectmany powerful
and low-pricedworkstations,creatinga pool of perhapsterabytesof RAM and
evenmoreof discspace[7]. Every site in sucha network managesdata—sois a
server—or requestsaccessto dataandit is specifiedasaclient. Everyserverpro-
videsastoragespaceof b dataelements,termedbucket to accommodateapartof
thefile undermaintenance.Eachclient ignoresthepresenceof otherclients.Sites
communicateby sendingandreceiving point-to-pointmessages.Theunderlying
network is assumederror-free; in that way we devote our concernto efficiency
aspectsonly, asit is widely advocated.More specifically, we concentrateon the
numberof the messagesexchangedbetweenthe sitesof the networks, irrespec-
tively from thelengthof a messageor thenetwork topology.

This context callsout for thedesignandimplementationof distributedalgo-
rithms anddatastructuresthat (a) shouldexpandto new serversgracefully, and
only whenserversalreadyusedareefficiently loaded;and(b) their accessand
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Table1: Summaryof results.The datastructuresareone-dimensionaltree-like
dictionariesandtheupdateboundsarepositiongiven.O ��� � , O ����� and �O ����� denote
worstcase,averageandhigh probabilityboundsrespectively, n is thenumberof
servers,andd is thedistancebetweenguessedandactualposition.

SCHEME SEARCH TIME UPDATE TIME SPACE OVERHEAD

RP* [8] O � height� O � height� O � n�
DRT [5]

O � n� O � n�
O � n�

O � 1� O � 1�
RBST[12] O � log2n� O � logn� O � n�
BDST [2] O � logn� O � logn� O � n�
DSL

�O � logn� �O � 1� �O � n�
O � logd �

maintenanceoperationsnever requireatomicupdatesto multiple clients,while
thereis no centralized“access”site.A datastructurethatmeetstheseconstrains
is namedScalableDistributedData Structure (SDDS).

Sincethe seminalpaperby Litwin et al. [7] introducingthe modelwith the
LH* datastructure,therehavebeenvariouskindsof SDDSproposals,namelyR-
P* [8], DRT [5], lazyk-d-Tree[11, 13], DEH [1, 15], RBST[12], BDST[2, 3, 4].
Ontheotherhand,Kröll andWidmayer[6] showedthatif all thehypothesesused
to efficiently managesearchstructuresin the single processorcaseare carried
over to a distributedenvironment,thena tight lower boundof Ω �
	 n� holdsfor
theheightof balancedsearchtrees.

In thispaperweproposeDSL,anew SDDSfor thedictionaryproblem,based
onaversionof SkipLists,asanalternativeto randomsearchtrees.Its logarithmic
height,kept with highly local criteria without dependenceon datadistribution,
makesthiseffort quiteappealing.Table1 summarizesour results.In section2 we
briefly describeSkip Lists andanalternativeway of viewing them.Section3 in-
troducesDSL anddiscussesits performance,while section4 concludesourwork.

2 Skip Lists

In this sectionwe briefly discussSkip Lists [14]. More detailscanbe found in
the cited reference.Let S be a setof n elementss1 � s2 � ����� � sn drawn from
a totally ordereduniverseU . Let also � ∞ denotethe smallestandbiggestele-
mentsof U , respectively. We would like to build a dynamicsearchstructure
on S with operationssearch(x), range search( � x � x� � ), insert(x) and
delete(x). Assumewe aregivena biasedcoin with probability of success—
the bias—p ��� 0 � 1� . Startingwith S, we form a sequenceσ of subsetsof S, of
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Figure1: An instanceof a Skip List  andits equivalenttree � . Thedottedline
denotesa searchpath.Scheme(b) shows theeffectof aninsertion.

level l :

S � S1 � S2 � ����� � Sl � 1 � Sl � /0

EachSi is derivedfrom Si � 1 by flipping thecoin independentlyfor eachs �
Si � 1 andcollectingall thoseelementswith a successoutcome.Then  is built
asfollowing (seefig. 1). We storeeachSi in a sortedlinked list � i . Eachs in � i

storesadescentpointerto its occurrencein � i � 1. Search(x) proceedslike this:
Commencingwith level l , in each� i we locatethemaximumelements � x. We
follow theassociateddescentpointerto level i–1andsoon,until wereachlevel 1.
In caseof range search( � x � x� � ) afterwesearch(x), we move to theright
until wefind someelementbiggerthanx� .

Whenwewanttoinsert(x), wetossthebiasedcoinuntil we fail. Let k be
thenumberof successes.After wesearch(x) (seefig. 1), weknow theelement
s� i thatprecedesx in every orderedlist � i . Sowe addx to � 1 ��� 2 ����������� k 1 after
s� 1 � s� 2 ��������� s� k ! 1 respectively. Thecaseof delete(x) is quitesimple;we just
removex from every list � i containingit.

Besidestheir simplicity, Skip Lists arepopularsincethey exhibit very good
performance.Thatis, thenumberof levelsl andthesearchcostis O � log1" pn� with
highprobability, theoccupiedspaceis O � n� alsowith highprobability,whereas,if
sj � sj  1 aretwo consecutiveelementsin � i , thentheexpectednumberof elements
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betweenthemin � i � 1 is O � 1� . Finally, eachelementis storedin expectedO � 1�
levels.

Thereis anotherview of Skip Lists which we will usein this paper(seefor
example[10]). SetsSi partitionU in #Si #�$ 1 intervals(consultfig. 1). Everysuch
interval I belongingto a level i is divided into a numberof child subintervals in
level i–1. If we associatewith eachinterval a nodeandconnectwith anarceach
nodeto its child nodes,thena tree � results.� hasthefollowing properties:(a)
All leavesareat thesamedepth;(b) HeightandstorageareO � log1" pn� andO � n�
respectively with high probability; (c) Every nodehasexpectedO � 1� numberof
children;(d) An insertion/deletioncausesexpectedO � 1� numberof reconstruc-
tions(splits/mergesof nodes).

3 Distributed Skip Lists (DSL)

3.1 Motivation

Searchtreesareproposedin theSDDSmodel,sincethey supportnearestneigh-
bor andrangequeries[2, 3, 4, 5, 8, 11]. Kröll andWidmayer[5] introducedran-
domtreesin adistributedenvironmentasthey adaptnaturallyto it. Theirprimary
disadvantages(i.e., their dependenceon datadistribution and their unbounded
height)leadto balancedbinarysearchtrees[2, 3, 4] which guaranteeworstcase
logarithmic height. However, their maintenancethroughrotationsseemsmore
complex andmorecentralizedin a broadersense.This, in our opinion, leadsto
seekingfor a distributedversionof a datastructurethatcombinesthe simplicity
of arandomtreewith theboundedheightof abalancedtree.WechooseSkipLists
because(a) they arerandomstructureswhich respondto input datadistribution
with their “own” randomness;and (b) their balancecriteria are “local”, name-
ly split/mergeswhich changethe extentof a nodeonly with respectto its initial
value.

3.2 Distribution

Wefollow thestandardapproachin SDDSmodel:aportionof theglobalstructure
is storedat eachserver. A client maintainsits own view of thestructure,initially
coarseandpartial,becomingbetterasit issuesmoreandmorerequests.

Servers. Leaf nodesrepresentbucketscapableof holding up to b dataitems
lying into the correspondingextent of the leaves.Internalnodesand leavesare
associatedwith theserver managingthem.A nodeor a leaf is associatedto only
oneserver. In contrast,a server canhold several nodes,but only oneleaf. Each
nodestoresits extent(subinterval of values),parentandchild pointers.
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Figure2: Evolutionof theDSL.Eachnodeis denotedwith its extent(interval)and
bucket/server it belongs.Arc numbersindicate# of similar nodeslinearly linked.

Figure3: Bucket-server interconnection.

Initially, DSL consistsof abucketb1 belongingto servers1 (seefig. 2).When-
everb1 overflows,it splitsin two; themedianvalueis insertedusingtheSkipList
algorithm.Thenew bucketb2 andthenew rootnodeareassignedto anew server
s2. As long asinsertionskeepcoming,we havebucketsplitsandcorrespondence
of thenew leaf/bucket alongwith thenodesit introducesto a new server in such
away thatunnecessarypointer(re)assignmentsareavoided.For example,consult
figure 2, wherethe new bucket-server b5 is associatedto the left subinterval so
thatthepath � s2 � s8 �&%'� s2 � s7 � remainsunchanged.

Deletionsaretreatedanalogously:we just merge the underflow bucketsand
thosenodeson thepathtowardsthe root that theunderlyingSkip List algorithm
dictates.So, in the restof the paperwe will no longerrefer to deletions.In fig-
ure 3 we presentfigure 2 in anotherequivalentyet moreilluminating way. The
dottedovals denoteservers.Insideevery oval the internalDSL nodesassigned
to thecorrespondingserver areshown. Arcs betweenovalscorrespondto server
interconnection.
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Weclosethissubsectionwith four remarks:(a)Balancingafteraninsertionor
a deletionleadingto overflow or underflow is a local randomdecisiondueto the
rationaleunderlyingSkip Lists; (b) Eachserver is “charged”only expectedO � 1�
internalnodes,eachonehaving expectedO � 1� fanout.This meansthat,besides
the bucket capacity, eachserver occupiesexpectedO � 1� additionalspaceandit
is connectedto expectedO � 1� otherservers;(c) The pathfrom the root of DSL
to abucket involvesO � log1" pn� serverswith highprobability;(d) Theextentof a
nodedecreasesor increasesdueto splitsor merges,but neverexceedsthevalueit
hadat thetime of its birth.

Clients. As the SDDS dictates,eachclient maintainslocal datareflectingits
own view of thedistributeddatastructure.Specifically, it keepsnodeassociations
andtheir extent asthey wereduring the last time it accessedthe datastructure.
Basedonlocalview, it issuesthedesiredoperationto themostappropriateserver.
If it succeededin its choice,it receivesthe answer. Otherwise,DSL routesthe
requestto thepertinentserverandinformsbacktheclientaboutthepartof thedata
structurevisitedduringtherouting.Theinformationispiggybackedin theanswer,
adoptingstandard–intheSDDScontext–approaches(for example,cf. [2, 5]).

3.3 Search Operation

Theclientsearchesin his localdatafor themostappropriateserver, i.e.,theserver
owing thebucket whoseextentcontainsthedataelement.Whena bucket-server
receivesasearchrequestthatcanbeserved,it answersto theclientappropriately.
Otherwise,it checkstheportionof DSL it ownsto forwardthedemanddown to
a child server or up to a fatherserver alongwith its local information.Sooneror
later theclient receivestheanswer, andthetraversedportionof DSL in theform
of piggybackedcorrectioninformation.In thisway, aclientcanadjusttheprivate
index it maintains.After thediscussionin previoussectionsit is easyto seethat

Lemma 1 Thesearch operationcostsO � log1" pn� messageswith high probabili-
ty. (

In casethatlevel pointersbetweeninternalneighboringnodesof sameheight
areafforded,then

Lemma 2 Thesearch operationcostsO � log1" pd � expectedmessages,whered is
thenumberof bucketsbetweentheinitial guessandthebucketactuallycontaining
thedataelement.

Proof. Every server hasthe additionalability to forward the requestto oneof
its siblingserverswhenever thatis possibledueto theassignedextent.So,during
the searchingprocess,the highestnodein our structurewe reachis the lowest
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commonancestorlca� bi � ba � of the initially guessedbucket bi andthebucket ba

actuallycontainingtheitem.Thelemmafollowssincelca� bi � ba � hasO � log1" pd �
expectedheight(cf. [10]). (

3.4 Insertion, Deletion

After the appropriatesearch,operationcontinuesin the way describedin sec-
tion 3.2.It followspromptlythat

Lemma 3 Giventheposition(bucket)of theinvolveditem,aninsertionor a dele-
tion costsexpectedO � 1� reconstructionoperationsandthereforemessages. (

The above lemmasubstantiallystatesthat the logarithmiccost is paid only
onceduringthesearchoperation,asopposedto previousapproaches(consultta-
ble1 on page2).

4 Conclusions

In this paperwe proposedDSL, a new SDDSfor the dictionaryproblem,based
on a versionof Skip Lists, asanalternative to randomsearchtrees.We feel that
its logarithmicheight,keptwith highly local criteriawithout dependenceon data
distribution,makesour treatmentquiteappealing.Our futureplansincludeexper-
imentalevaluationof our approachandextensionto d dimensionsemploying the
decompositionparadigm(see,for example,[9]).
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