IEEE TRANSACTIONS ON KNOWLEDGE AND DATA ENGINEERING, VOL. 9, NO. 3, MAY/JUNE 1997

Analysis of the n-Dimensional Quadtree

Decomposition for Arbitrary Hyperrectangles

Christos Faloutsos, Member, IEEE, H.V. Jagadish, Member, IEEE,
and Yannis Manolopoulos, Member, IEEE Computer Society

Abstract —We give a closed-form expression for the average number of n-dimensional quadtree nodes (“pieces” or “blocks”)
required by an n-dimensional hyperrectangle aligned with the axes. Our formula includes as special cases the formulae of previous
efforts for two-dimensional spaces [8]. It also agrees with theoretical and empirical results that the number of blocks depends on the
hypersurface of the hyperrectangle and not on its hypervolume. The practical use of the derived formula is that it allows the
estimation of the space requirements of the n-dimensional quadtree decomposition. Quadtrees are used extensively in two-
dimensional spaces (geographic information systems and spatial databases in general), as well in higher dimensionality spaces (as
oct-trees for three-dimensional spaces, e.g., in graphics, robotics, and three-dimensional medical images [2]). Our formula permits
the estimation of the space requirements for data hyperrectangles when stored in an index structure like a (n-dimensional) quadtree,
as well as the estimation of the search time for query hyperrectangles, for the so-called linear quadtrees [17]. A theoretical
contribution of the paper is the observation that the number of blocks is a piece-wise linear function of the sides of the hyperrectangle.

Index Terms —Regular decomposition, geometric data, quadtrees, oct-trees, GIS, robotics.
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IERARCHICAL decomposition of space plays an impor-  In graphics and robotics (three-dimensional space) [3].

tant role in every application that involves geometric
data. The idea is that the space is decomposed recursively
into smaller and smaller pieces, until the content of each
such piece is homogeneous. The problem solved in this pa-
per is the analytical estimation of the number of pieces that
an n-dimensional rectangle (hyperrectangular region) is
decomposed into.

Consider a two-dimensional image represented as a 2
x 2 array of 1 x 1 squares. Each such square is called a
pixel. The length K = 2" of the side of the image is called
the granularity of the image. A geometric object within
such an image is represented by turning the appropriate
pixels to black, while the background is considered white.
More than one geometric object may exist in an image. A
block is a 2" x 2" square (0 < m < k) obtained as the result
of recursive decomposition of the image into quadrants
and sub-quadrants. We focus on representing one object
only. An object within an image is decomposed into blocks
as in Fig. 1. For example, in this figure the square [0, 2] x
[2, 4] is a block, while the square [1, 3] X [2, 4] is not.

For a two-dimensional object, the result of such a de-
composition is termed as a region quadtree. Such a hierarchi-
cal decomposition approach has been used in several areas,
including:
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In geographic information systems and spatial data-
bases. The TIGER project at the U.S. Bureau of Census
uses a linear quadtree representation to store all the
points of interest in the map of U.S.A. [22]. A similar
approach has also been used by Shaffer in the QUILT
system for geographic and spatial databases [21], as
well as by Orenstein in the extensible data base man-
agement system PROBE [18].

In traditional databases, where records with n attrib-
utes correspond to points in an n-dimensional space.
Many methods have been suggested to store such a
collection of data, utilizing the hierarchical decompo-
sition approach (e.g., k-d trees [4], quadtrees and their
variations [11]).

In spatiotemporal and scientific databases, where
time introduces one more axis [16].

In image databases, e.g., [2], where three-dimensional
brain scans have to be stored. Regions in these brain
scans can be encoded using oct-trees, to save space
and to achieve faster response on range queries.

In Grand-Challenge databases [5] (e.g., with meteoro-
logical, environmental, sensor data, etc.). In general,
these databases contain large multidimensional arrays,
(e.g., tuples of the form (x, vy, z, t, temperature)), which
can be stored in some multiresolution, hierarchical
fashion, clustering related (i.e., nearby) points together.
Whenever a transformation is used (e.g., a two-
dimensional rectangle corresponds to a four-
dimensional point [9], [12]; a polyhedron is mapped
to a high-dimensionality point [15]).

We focus on rectilinear hyperrectangles, that is, n-d rec-
tangles with sides aligned with the axis. The problem we
examine here is the following:
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Fig. 1. The shaded rectangle is decomposed into three blocks.

Given a rectilinear hyperrectangle of size s; X s, X ... S,
Find the number of blocks that it will span on the average.

Previous attempts have been restricted to two-dimensional
rectangles: Dyer in [6] presented an analysis for the best,
worst and average case of a square of size 2" x 2", giving an
approximate formula for the average case. Shaffer in [20]
gives a closed formula for the exact number of blocks that
such a square requires when anchored at a given position
(X, ¥); he also gives the formula for the average number of
blocks for such squares (averaged over all the possible po-
sitions). In a previous paper [8], we generalized some of
these formulae for arbitrary (two-dimensional) rectangles.
Analysis of the closely related Peano and Hilbert space
filling curves for two-dimensional spaces was presented in
[14] and [19].

In this paper, we generalize the formulae for n-dimen-
sional rectangles. The derived formulae are useful when-
ever a hierarchical decomposition is used for higher-
dimensionality spaces, either for data hyperrectangles, or
for query hyperrectangles. In all these cases, the number of
pieces that a hyperrectangle decomposes into clearly affects
the space overhead and the search time. Therefore, it is es-
sential for query optimization in spatial/temporal data-
bases [1].

The proposed methodology is as follows:

1) Find the formulae when the sides of the hyperrectan-
gles are of the form 2™ —1, for every dimension i =
1, 2, ..., n. Let’s call these hyperrectangles magic. One
important observation is the fact that the solution for
magic rectangles is simple.

2) Prove that the formula for a nonmagic hyperrectangle
can be derived by a linear interpolation from the sur-
rounding magic hyperrectangles.

The paper is organized as follows. Section 2 gives some pre-
liminary definitions and examples. Section 3 gives the solu-
tion (closed-form formulae) for the magic hyperrectangles.
Section 4 establishes a theorem that the solution for non-
magic hyperrectangles can be derived by using linear inter-
polation. Section 5 gives closed formulae for the average
number of blocks in the case of two-dimensional rectangles
and three-dimensional parallelepipeds. Section 6 makes some
observations and suggests future research directions.

2 PRELIMINARIES
A hyperrectangle is represented as (X;,S;,X,,S,,...,X

Xy
s,)Where x; (i = 1, ..., n) is the ith coordinate of the anchor
(i.e., the corner with the smallest coordinate values or the
‘lower left’ corner; this is the corner closest to the origin,
since all the coordinates are nonnegative) and s; is the size
of the hyperrectangle on the ith dimension. Table 1 shows

the symbols and their definitions.

TABLE 1
DEFINITION OF SYMBOLS

Symbol Definition
n Number of dimensions
Xpien X Coordinates of the lowest corner of the
hyperrectangle (i.e., the one closest to the origin)
S; Length of the hyperrectangle in ith dimension
b(x;,s;,..., Number of blocks to cover a specific hyperrec-
X1 Sy) tangle
b(51,52 ,,,,, sn) Average number of b_Iocks to cover the hyperrec-
tangle of the query size
K = 2¥ Granularity = side of the ‘universe’ in hyperpixels

DerINITION 1. The average number of blocks for a rectangle of

sides (s, s,, ..., s,)is given by:
b(s,, S, -ovv Sy) =
1 K-1 K-1
FZ"'Zb(XP Sps Xo0 Spu ees Xy Sy) Q)
X;=0 x,=0

where K = 2" is the granularity. Intuitively, we let the hy-
perrectangle go to each and every possible position, and we
average the number of blocks that the hyperrectangle de-
composes into, at each position. Notice that:

e K should be large enough so that the K x K ... X K hy-
percube completely encloses the hyperrectangle un-
der examination. In other words: s; <K fori=1, ..., n.

¢ The hyperrectangle wraps around the edges. This as-
sumption has been used in all the previous analyses
of quadtrees [6], [8].

Some important observations, that allow recursive de-
composition of the problem:

OBSERVATION 1 (Slicing). If the starting coordinate x; on
the ith axes of a hyperrectangle is odd, then we can
“slice off” a hyperplane of width one, that is per-
pendicular to the ith dimension and starts at x;. In
such a case, the number of blocks of the two pieces
added together is the same as the number of blocks
of the whole hyperrectangle, in this given position.
Without loss of generality, assume the hyperrectan-
gle starts at an odd point in the first dimension.
Then:

b(2%, +1, S, Xy, Spu oovs Xy, Sy) =

» Xpr Sp)

+b(2x +2, 5, =1, Xy, S, .0y Xy, S,)

b(2x, +1, 1, X,, S, ...
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Fig. 2. Slicing from the left, when the rectangle starts at an odd point
(the left slice is more heavily shaded).

JUSTIFICATION. No block of size 2“(k > 1) starts at an odd
coordinate. Thus, the blocks of the sliced-off hyper-
plane can not be combined with the rest of the blocks
of the hyperrectangle, to form larger blocks.

Clearly, the same principle can be used if the hyperrec-
tangle ends at an odd point. Fig. 2 illustrates the slicing
principle for a two-dimensional space.

OBSERVATION 2 (Unit). If any one dimension of a hyperrec-
tangle is of unit size, then it can be covered only with
unit size blocks. Thus, the number of blocks required to
cover it is equal to its volume and is obtained as the
product of the sides, independent of position. That is:

n
b(Xys Sy0 Xp0 Spv ces Xoyo L ooy X Sy) =1_[si
i=1

JUSTIFICATION. The blocks will either start or end at an odd
coordinate; thus, as in Observation 1, they cannot be
combined to form larger blocks.

OBSERVATION 3 (Shrinking). If a hyperrectangle starts and
ends at even numbers in all dimensions, then we can
make the granularity coarser, maintaining the same
number of blocks:

b(2x,, 2s;, 2%,, 2s,, ...

, X Sy)

L 2%y, 28,) =

b(Xy, S10 X0 Sy -

JUSTIFICATION. Every block of size 2 (k = 2) in the original
address space corresponds 1-to-1 to a 2" block of the
“shrinked” space.

Fig. 3 gives a two-dimensional example of the idea.
The above observations, for n = 2 dimensional address
space, have been used in [21] and [8].

3 SOLUTION FOR MAGIC HYPERRECTANGLES

DEFINITION 2. A rectangle is called magic iff each side s; is of the
form 2™ —1.

LEMMA 1 (Magic hyperrectangles). If a rectangle is magic, then
the number of blocks it decomposes to is independent of
the position of the anchor:

Fig. 3. Halving the granularity.

b(xl, 2™ =1, X,, 2™ -1, ..., X 2™ —1):

n'

constant  (x;, X,, ..., X;)

ProoFr. Without loss of generality, let s; be the smallest side
of the hyperrectangle. For every dimension i, we can
apply the Slicing Observation exactly once, because
every side s; is odd. After that, all the sides are even,
and the anchor points are even as well. So we can ap-
ply the Shrinking Observation; the resulting rectangle
will still be magic: for every dimension i, after slicing

and shrinking we will have a side of size: (s;— 1)/2 =
(2™ -1- 1)/2 =2™" _1. Applying this step induc-

tively, and using the Unit Observation as the base
case, we have the required lemma. O

COROLLARY 1. For magic hyperrectangles, we have:

b(sy. Sp. Sy) =b(Xy, S Xo1 S50 ooy XS

n'*n

V(Xg) X0 oot Xy)

Based on this corollary, we can quickly derive formulae
for magic rectangles, bypassing (1).

3.1 Solution for Magic Hypercubes

Consider first a magic hyperrectangle with all its sides the
same size, that is, a hypercube. Let this size be 2" — 1.

LEMMA 2. For a magic hypercube the number of blocks is:

3
N

w21 = (2" 1) (20 - 1)) (2 -0)

,_.
Il
LN

PrROOF. Independent of the position of the anchor, we “slice
off”” one slice in each dimension and then shrink. Thus:

b(xy, 2" =1, ..., %, 2" —1) =
(2" -1) - (2" -2)’ @)
+b(2™* -1, ..., 2" —1)

where the first two terms give the number of blocks
contained in the slices, and the last term calculates the
number of internal blocks. Solving this recursive rela-
tion (2) we have:
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t=1
or
— n U= n
b(2" -1, .., 2" -1)=(2" 1) —(2"-1)D (2" -1)
t=1
This completed the proof. O

Next, we try to find an approximation for large values
of m. Specifically, we try to relate it to the hypersurface S of
the cube. Clearly, for a magic n-d hypercube of side (2" — 1),

we have;
S=2n(2" - 1)("_1)

~ 2n2M"D 4)

COROLLARY 2. For a magic hypercube with a large side (m > 1),
the number of blocks is approximated by half of the hyper-
surface S, times a constant that depends on the dimension-
ality n:

S 2n -1

2 2n on-1 4 -1

PrRoOOF. The tth term of (3) can be approximated by keeping
the first two terms of each binomial expansion:

(-4 (e o -

Adding the above terms, (3) gives

b(2m -1, ..., 2" —1)

r]2t(n—1)

m
b(2" -1, ..., 2" 1) = Y n2""Y
t=1
2(n—1)(m+1)
"oy
2n—1
~ (n-1)
~ 2n_l 1 n2 n m
From (4), we have that, for large m;
_ 2n -1 S
b(2" -1, ..., 2" -1) = =
( ) ol _ 12
which completes the proof. O

We can examine some interesting cases:

* For n > 1, the factor vanishes to one, and the average
number of blocks is approximately S/2.

» For 2d space, which is of much interest, the factor is 2;
thus the average number of blocks is approximately
the perimeter of the rectangle. More accurately, we
obtain, from (3)

b(2" -1, 2" - 1) = 4(2" - 1) - 3m
=S-3m
=S

This agrees with the result of Hunter and Steiglitz

[13], stating that the number of quadtree nodes for a

polygon is proportional to its perimeter.

e Similarly, for n = 3, the factor is 4/3; working out the
details from (3), we have

b(2" -1, 2™ —1, 2" —1) = 4%4™ — 182" + 7Tm + 14
which leads to the approximation:
b(2" -1, 2" -1, 2" -1) ~ /33
=~ S/2%4/3

That is, for a magic cube, the average number of
blocks is =2/3 of its surface.

3.2 Extension to Any Magic Hyperrectangle

For a magic hyperrectangle, without loss of generality, let
s; = 2"— 1 be its smallest side. Also, let s, = 2™% —1 where
d; = 0. In other words, we assume that: d, = 0.

LEMMA 3. For any magic hyperrectangle the number of blocks is:

E(zm —1, 2™% g omh —1) =
n

[ -9-@ - S T -y

i=1 j=1 i=1

PRrRoOF. Using the Slicing and Shrinking Observations as we
did for the magic hypercubes, we have:

6(2’“ —1, 2™% _q —1):
(2m - 1)(2“‘“‘2 - 1) » (2m+"n - 1)
—(zm - 2)(2”1+dz - 2)...(2”‘+dn - 2)

1 _ 1’ 2m—1+dz _ 1] o 2m—1+dn _ 1)

2m+dn

+ 5(2”“
Solving the recursion (it bottoms after m steps), we have:

b_(Zm - 1) -

g[t{(z”“' - 1) [Tz - 2)] -

-1 2m+d2 -1 2m+drI

=}

i=1
or
5(2”‘ —1, 2™ _q . 2™ _

[T -1

i=1

m-1_n

1)-(2" )

Again, we try to find an approximation for large m.

(de ) -

j=1 i=1

COROLLARY 3. For large m, (5) can be approximated by:
n-1
’ 2m+dn _1) ~ E* 2

Pl m-+d
b(2" -1, 2% —1, .. Ty

PROOF. By using a reasoning similar to that of the case of
square rectangles and by using the following expres-
sion for the hypersurface:

_ 1 1
S =2%(s;t +. 45 rs sy ks,

=252 M #(27% 44272 VL
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The tth term of (5) can be approximated using only
the first two terms of the expansion of each product.
Thus:

[T -9 Tz -2)-

20Dt X *(Z_dl o 2_d")
~ 2(n—1)*t*;*2—(n—l)*m

Adding all the above terms from t = 1 to t = m completes
the proof. O

4 PROOF OF LINEARITY

In the previous section, we solved the problem for magic
hyperrectangles. Here, we show how to solve the problem
for arbitrary rectangles using linear interpolation.

LEMMA 4. If x; + s, is odd, then;

b(X;, Sp0 Xp1 1 -os Xy Sy) =

b(X, S, =1 X5, Sy, ooy X1 S) +Cy

where C; is a constant independent of the specific values of
X; and s;.

PrRoOF. The hypercubes to cover the incremental volume
(shaded part, in Fig. 4a) are forced to be no more than
one unit in the first dimension, and therefore one unit
in each dimension. The number of hypercubes required

is simply s, X s3 X ... X's,,, by following the Unit Obser-

n
vation. Define C; to be H s; to complete the proof. [
i=2

si si
-~ - -
si-1 si—1
= ~ = ~
8 8
6 6
4 4
2 2
0 ] T 0 T 1 I
0 2 4 6 8 0 2 4 6 8

(@) (b)

Fig. 4. lllustration for Lemmas 4-5: The incremental volume (with
darker shade) results in a different number of blocks; however, the
difference does not depend on s; (= s;, in this case). The rectangle
ends at (a) an odd x; coordinate; (b) an even x, coordinate, which is
not a multiple of 4.

LEMMA 5. If x; + s is even, but not divisible by four, then:

b(xll Sl’ Xz, SZ’ ceey Xn, Sn)=

s,) +C,

b(Xy, S, =1 Xp0 S0 oot Xy Sy

where C, is a constant independent of the specific values of
Xq and s;.

ProoF. Now, some of the hypercubes already used to cover
the hyperrectangle may be merged with the new layer
added into larger blocks, two units on the side, on the
even boundaries. The number of such mergers possi-
ble is determined solely by the size and position in
dimensions 2, ..., n and is independent of x; and s;.
Call the number of additional blocks required C,. O

Fig. 4b illustrates the situation: The larger rectangle will
need two blocks of dimensions 2 x 2 and two blocks of di-
mensions 1 X 1, while the smaller rectangle will need five
1 x 1 blocks; however, the difference does not depend on
the length s;.

LEMMA 6. If X, + s, is divisible by 2" but not by 2, and s, > 2"
then:

b(xlr Sis Xoy Sy vevs Xy sn) =

b(Xy, 8, =L Xy, Sy, oy Xy $y) +C;
where C; is a constant independent of the specific val-
ues of x; and s;.

PROOF. Similar to Lemma 5. The additional condition im-
posing a minimum limit on s, is required since clearly
no more mergers are possible beyond the length of
the side s;. Yet, the construction in the lemma could
require mergers into blocks up to 27 ontheside. 0O

LEMMA 7. If X, + s, is divisible by 2' and 2" " <5, < 2™ <2, then:

b(Xlr Sis Xoy Sy eeny Xppo Sn) =

b(X, S, =1, X0 Sy, oes X, Sy) +Cp

where C,, is a constant independent of the specific
values of x; and s;.

PROOF. Similar to Lemma 6. Since s, is too small, the merger
of blocks cannot continue until a side of 2’ is reached.
Instead, it stops at an earlier point, and this point is
determined by the magic points between which s, lies
but is otherwise independent of s; and x;. O

Now we are in the position to state the main theorems.
THEOREM 1. For an arbitrary hyperrectangle with sides
(51,55, --., S, ), where 2" <'s; < 2"~ 1, we have:

b(sy, S5 -oer Sy)=b(s, =1 s, ...

b(s,+1, sy, ..., ) =b(sy, S, ...

ProoOF. Consider the expected number of hypercube blocks to
cover a hyperrectangle b(s, =1, s,, ..., s,). If s;— 1 is
increased to s;, then, following the lemmas above, the
increase in the value 5( ) is independent of the specific
value of s;, as long as a magic threshold is not crossed.
Since the value of x; is arbitrary, independent of the

specific value of s; we have that x; + s; is divisible by
two with probability 1/2, by four with probability 1/4,
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and so on. Therefore, the number of additional blocks
required is C; with probability 1/2, C, with probability
1/2% and so C; with probability 172, until C,, with

probability 172" and C,,,, with probability 1/2". Thus,
all cases are taken in consideration and their respective
probabilities sum to unity. Note, also, that divisibility
by higher powers of 2 does not alter the constant, and
hence we can sum all these terms into a single term.
Call this summation C:

C=C/2+Cy/4+ ...+ C /2" +Cpy/2" (6)

Exactly the same summation C is obtained if s; is now
increased to s; + 1. Thus, the theorem is established. O

In other words, the function b(s,,s,,...,s,) is piece-wise lin-
ear on its arguments, with “break points” whenever a value
s; is @ magic number. Theorem 1 can be used to do linear
interpolation, as follows: Let s; be the side of the rectangle
on the ith dimension, and let m; and M; be the magic num-
bers that surround s;, that is

m=2-1<5 <2 —1=Mm, @
Then, we have:
b(Sy, Spvwovv Siv e Sy) =D(Sy, Sy, ey My, L, S)
(M, —si)/(Mi -m)+
b(sp, S0 oer My, oy 5)%
(s = m;)/(M; —m;) (8)

Based on that, we can compute the value of b_( ) at any
point. The next theorem gives the details.

THEOREM 2. Let R ='5; X S, ... X S, be a hyperrectangle; let m; and
M; be the magic values that contain s, (i.e., m; = 2-1< Sy
<2™_1= M,), with similar definitions for m; and M;.
There are 2" magic rectangles that we can generate (for
each dimension i, we have two choices: m; and M, for a to-

tal of 2" choices). The average number of blocks for R is de-
termined by a linear interpolation among the values of the

above 2" magic rectangles.

PROOF. Consider each dimension in turn and increase the
size from m; to M; in steps of 1. Each step increases the
average number of blocks by the same amount, on ac-
count of Theorem 1. While Theorem 1 was established
for the first dimension, by arguments of symmetry it
holds for all other dimensions as well. Therefore, the
increase from m; to s; is a linear interpolation of the in-
crease from m; to M;. The order in which the dimen-
sions are considered is immaterial. O

Table 2 shows the values for 5() for the two-

dimensional case, with boldface nhumbers for the magic
rectangles. Notice that the rest of the numbers can be de-
rived by linear interpolation among the four magic rectan-
gles nearest to the point of interest (e.g., for the b( )(5, 2),

the corresponding magic rectangles are (3, 1), (3, 3), (7, 1),

(7, 3)). In the next section, we illustrate Theorem 2, deriving
the formulae for b() for two-dimensional and three-

dimensional spaces. We also give some examples of how to
do the interpolation.

5 INTERESTING SPECIAL CASES: TWO- AND THREE-
DIMENSIONAL RECTANGLES

In this section, we illustrate the steps of the lemmas and
theorems of the previous section by deriving closed-form
exact formulae for the average number of blocks a two-
dimensional and a three-dimensional rectangle. Following
the steps of the previous section, we first calculate the num-
ber of blocks for any magic rectangular object, and then we
give exact formulae for any (nonmagic) rectangular object.

5.1 Two-Dimensional Rectangles

This case has been analyzed in [8]. Here, we show how
those results can be derived as special cases of the Theo-
rems and Lemmas of the previous section.

LEMMA 8. The average number of blocks 5( ) that a magic rec-
tangle in two-dimensional space decomposes into is:
b(2" -1, 2™ —1) = 2(2" - 1)(2% +1) - 3m )
PROOF. From (5) we have:

5(2m —1, 2™ _ 1) =

S 11 -4 1 -2)

t=1\i=1 i

(10)

It is sufficient to prove that the right hand parts of
relations (9) and (10) are equal. The proof follows by
induction on m. For m =1 both sides of the equation
are equal to: 2%* _1. For m = 2 both sides are equal
to: 3%2%"™, We assume that the above relation holds

_2( (7% -1) —fl[(z“d- - z)J _

22" —1)(2% +1) -3k
We will prove that it holds for m =k + 1:

kzﬂt(ﬁ(zwi -1) —ﬁ(zt“’i - 2)] -

t=1\i=1 i=1
224 —1)(2% +1) - 3(k + 1)

It is sufficient to prove that the left-hand part of the
above equation is:

2(2k+l - 1)(2dz + 1) —3(k+1) =
2(2k - 1)(2dz + 1) —3k+ (2k+l - 1)(2k+l+dz - 1) -
(2k+l _ 2)(2k+1+d2 _ 2)

After some simple algebra, we derive that the above
lemma holds. |
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TABLE 2
NUMBER OF BLOCKS FOR TWO-DIMENSIONAL RECTANGLES

s, |1 2 3 4 5 6 7 8
S1
1 1 2 3 4 5 6 7 8
2 2 3.25 4.5 5.75 7 8.25 9.5 10.75
3 3 4.5 6 75 9 10.5 12 13.5
4 4 5.75 7.5 9.0625 10.625 12.1875 | 13.75 | 15.3125
5 5 7 9 10.625 12.25 13.875 15.5 17.125
6 6 8.25 10.5 12.1875 | 13.875 155625 | 17.25 | 18.9375
7 7 9.5 12 13.75 15.5 17.25 19 20.75
8 8 10.75 | 13.5 15.3125 | 17.125 18.9375 | 20.75 | 22.515625

Notes: Magic rectangles are in boldface. The underlined entries are examined in the examples.

Table 2 gives the average number of blocks a rectangle is
decomposed into, when its sides s; and s, are smaller than
nine. The entries were calculated by exhaustive enumera-
tion, using the definition of (1). Entries corresponding to
magic rectangles are in boldface. The remaining entries can
be derived by a linear interpolation among the appropriate
magic rectangles. Next, we illustrate how the linear inter-
polation is done:

ExAmpLE 1. The entry for s; = 3, s, = 4 is computed as fol-
lows: s, is already a magic number; for s,, the enclos-

ing magic numbers are 3(:22 -1) and 7(:23 —1). Thus,
we need to interpolate only on the second axis:
b(3, 4) =b(3, 3)*(7—4)/(7-3)+b(3, 7)*(4-3)/(7-3)
1
= o—7(6*3+12x1)
=75
EXAMPLE 2. Consider the entry b(7, 4) (underlined in Table 2).
Again, s; = 7 is a magic number; the s, number is sur-

rounded by the magic numbers 3 and 7. Thus, we
need to interpolate only on the second axis:

b(7,4) =b(7,3)*(7 - 4)/(7 - 3)+b(7,7)*(4 - 3)/(7 - 3)
713(12*3+19*1)
=13.75

EXAMPLE 3. Consider the entry b(4, 4) (doubly underlined,
in Table 2). The enclosing magic numbers for both
axis are “3” and “7.” The interpolation would give

+b(3, 7)*

b(7, 7)*

_ _ 7-4 7-4 4-3
b(4, 4) =Db(3, 3)=

-
7-3°7-3 7-3°7-3
Fo g, 473,774 4-3 4-3
+b(7, 3)pa—g g+ 7-3'7-3

(6%3%3+12%3%1+

1
7 -3)%(7-3)
12%1%3 +19%1%1)

1
= 15 (54 +36 + 36 + 19)

= 9.0625
Equivalently, we could have done a linear interpola-
tion among the values b(3,4) and b(7,4), that we
have already computed in Examples 1 and 2:
b(4, 4) =b(3, 4)=(7-4)/(7-3)+Db(7, 4)*(4-3)/(7-3)
= 9.0625

Next, we trace the steps of the proof of Theorem 1, giving a
closed formula for the constant C.

LEMMA 9. Given that the rectangle with sides (s;, S,) is magic,
then the average number of blocks for a rectangle with sides
(51+ 1,8y is:

B(s, +1,5,) =Db(sy, 5,) + 2™ T2 — 327 4 2

where max = |_Iog(min(s1 +1, 52))J, log is the base-2 loga-

rithmand s, = 2™% —1,
PROOF. See Appendix A. O
It is evident that in a two-dimensional space the constant C

of Theorem 1 is given by:

C= 2m+d2—2max _ 3*2—ma>< +2

We can rewrite this expression as:

(s, +1)#27°™* 327" 4 2 11)

from which we can see that this constant C is independent
of x4, s;. We use the symbol C(s;) to emphasize the depend-
ency on s;: Thus:

Cls;) = (s +1)#272™ — 3527 42 (12)
5.2 Three-Dimensional Rectangles

In this subsection, we examine the case of a parallelepiped
and we derive a formula for the constant C of Theorem 2.

LEMMA 10. The average number of blocks that a magic parallele-
piped decomposes into is:
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= %(22“‘ —1)(2% +2% +2%7%)
—6(2m - 1)(1 +2% 4 2"3) +7m

PROOF. By induction on m. O

LEMMA 11. Given that three-dimensional parallelepiped with
sides (s, Sy, S3) is magic, then the average number of blocks
for a parallelepiped with sides (s; + 1, S, S3) is:

22m+d2+d3—3max

b(s,+1,s,, 83) =b(s;, 5,, 55) + +

l max+1 —max m(d, ds 7 —2max 7 2
8- (27 4 27) - 2"(2% +2% ) G 27 — e max | +5
where max = Llog(min(s; + 1, s, S3))J and, as before,
s =2"-1(i=1 2 3).
PROOF. See Appendix B. O

From Lemma 11, we understand why the constant C of
Theorem 1 is a quantity independent of s;. However, we
observe that it depends on the other two sides s, and ss.
This is the reason why for the case of a three-dimensional
space we have to denote this quantity as C(s;, s;), where:

C(si, sj) =(s; +1)>l<(sj +1)>x<2‘3”“aX +(si +s, +2)*

(13)

7 7 2 7
(5 2—2max _ gmax +§] _ g(2m51><-¢—l 4 pmax )+ 8

Table 3 gives the average number of blocks a parallelepiped
is composed of, when its sides are smaller than 6. Entries in
boldface correspond to magic parallelepipeds. All the en-
tries have been computed using exhaustive enumeration,
from the definition of (1).

6 DISCUSSION AND CONCLUSIONS

We have examined the problem of determining the number
of quadtree blocks that an n-dimensional rectangle will be
decomposed into on the average. There are two interesting
observations:

e Our approach (Theorem 2 and (5)) generalizes all the
older approaches on two-dimensional rectangles [6],
[8], [20]. For n = 2 dimensions, our formula reduces to
the corresponding formula of [8], which was shown
to include the formulas in [6], [20] for the average
number of blocks.

» It generalizes the observation of Hunter and Steiglitz
[13] that the expected number of quadtree blocks is
proportional to the perimeter of the polygon. Our for-
mula shows that, for two-dimensional rectangles, the
expected number of quadtree blocks is approximately
the perimeter of the rectangle, while for higher dimen-
sionalities n > 1, it is roughly half of the hypersurface.

TABLE 3
NUMBER OF BLOCKS
FOR THREE-DIMENSIONAL PARALLELEPIPEDS

s, |1 |2 3 4 5
s, %3
1 2 3 4 5 1
2 4 6 8 10 2
1 3 6 9 12 15 3
4 8 12 16 20 4
5 10 15 20 25 5
2 4 6 8 10 1
4 7.125 10.25 13.375 16.5 2
2 6 10.25 14.5 18.75 23 3
8 13.375 18.75 24,125 29.5 4
4 16.5 23 29.5 36 5
3 6 9 12 15 1
6 10.25 14.5 18.75 23 2
3 9 14.5 20 25.5 31 3
12 18.75 25.5 32.25 39 4
15 23 31 39 47 5
4 8 12 16 20 1
8 13.375 18.75 24.125 29.5 2
4 12 | 18.75 25.5 32.25 39 3
16 24.125 32.25 40.265625 48.28125 | 4
20 29.5 39 48.28125 57.5625 5
5 10 15 20 25 1
10 16.5 23 29.5 36 2
5 15 23 31 39 47 3
20 29.5 39 48.28125 57.5625 4
25 36 47 57.5625 68.125 5

Magic parallelepipeds are in boldface.

The contributions of this paper are both practical and
theoretical. From the practical point of view, the number of
quadtree blocks of a decomposition is important, because it
determines the number of nodes that a main-memory-
based quadtree will require; the number of entries in a lin-
ear quadtree that will be required; also, the number of
pieces that a range query will be decomposed into (which
will be proportional to the response time for this query).

From the theoretical point of view, it proposes a methodol-
ogy which we believe will be useful in the analysis of other
quadtree-related methods (e.g., methods using space-filling
curves, such as the z-ordering [17], Gray codes [7], or the Hil-
bert curve [10]). The methodology consists of two steps:

Step 1 Solve the problem for the “magic” rectangles
(which is easy)

Step 2 Show that the formula for an arbitrary rectan-
gle can be derived by linear interpolation from suit-
able “magic” rectangles.

Future work includes the extension of this method for
the analysis of rectilinear polygons (including concave
ones), as well as the analysis for space filling curves for
two-dimensional and n-dimensional spaces.

APPENDIX A
LEMMA FOR THE TwO-DIMENSIONAL CASE

LEMMA 9. Given that the rectangle with sides (s, S,) is magic,
then the average number of blocks for a rectangle with sides
(s,+ 1,8y is:

b_(Sl +1, SZ) = B(Sl’ 32) 4 oMtd—2max _ 4, o-max | o
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where max = log(min(s; + 1, s,)) .

PROOF. First, let’s assume that the rectangle does not wrap
around the edges (x; + s1, X, + s, < K). With probability
1/2 we have: (x; + s; + 1) mod 2 # 0 (the end point in
the first dimension is an odd number). Then, accord-
ing to the Slicing and Unit Observations, the new
number of blocks is:

b(X,, s, +1 X5, S,) = b(s, s,)+5,

With probability equal to 1/4 we have: (x; + s, + 1) mod
2=0but (x;+s;+ 1) mod 4 #0. Then:

b(X, S, +1, X,, S,) =

[ -

The product in the previous relation stands for the
number of blocks we have to subtract because merg-
ings have been performed. The first two terms in the
second parenthesis respectively stand for the number
of pixels of the original magic rectangle (2 ) and for
the number of the pixels of the additional slice (2)
that merge in one 2 x 2 block. Thus, the third term in
the parenthesis (i.e., —1) stands for the greater formed
block we have to take into account. The first paren-
thesis of the product gives the number of greater
blocks that may be formed.

b(s,, s,)+5, —

(14)

Since s, is an odd integer (of the form 2™% —1), it
is easily verifiable that:
X, +, X1 |s,
2 || 2| |2
Thus, relation (14) becomes:
b(X,, S, +1, X, S,) =
= S2 01 ot
b(s,, ;) +s, — {7J(2 +2' - 1) (15)

With probability equal to 1/8 we have: (x; + s, + 1) mod
4 =0 but (x; + s;+ 1) mod 8 #0. Then:

5(x1, s +1 X, 52) = 5(51’ 32) +S—

ATt
sz-LﬂXZjSZJ—mD (22 —1)

2

(X, S, +1, X, S,) =

—{%J(zﬁzz +27-1)- ﬂ (2t +2"-1)

b(s,. s,) +5,

i
Since: 221 = 2(2i — 1), the above relation becomes:
=1
b(X,, S;+1 Xy, 5,) =b(sy, 5,) +5, —

e =

Suppose that: 8 <min(s; + 1, s,) < 16. Then, with prob-
ability equal to 1/8, we have: (x; +s;+ 1) mod 4 =0
and (x; +s;+ 1) mod 8 =0. Thus:

b(Xy, s +1, X5, S,) =b(s;, 5,)+s, —

e R )| 2 i)

Following this reasoning, similar expressions can be
derived for large values of Sy, S, and such that K/2 <
min(s; + 1, s,) <K, VK = 2"
Secondly, suppose that the rectangle wraps around in
one dimension only (i.e., X, + s, > K). Then, expres-
sion (14) should be rewritten as:

X, +5, —

b(s,, ;) +s, —ﬂ - KJ+[K;XZJ](21+21—1)

However, the latter expression may be reduced to (15).
This way, the set of equations derived by assuming
that the rectangle wraps around only one edge re-
duces to the set of equations produced to describe the
no-wrapping rectangle. The same result holds even if
the rectangle wraps around both edges.

Thus, by considering all the positions possibly
taken by the end point in the 1st dimension, we con-
clude to the following expression:

b(s, +15,) =

T o)

i=1

ORI EE

which is averaged and independent of the anchor
point (X;, X,). Since: s, = 2™ —1, the floor functions
are simplified to unity and after some algebra on
geometric series the lemma is proved. Notice, also,
that if d, > 0 then max = log(s; + 1) = m, whereas if d,= 0
then max = log(s,) = m —1. O

b(x,, S, +1, X, S,) =

b(s,,s,)+s, —

APPENDIX B
LEMMA FOR THE THREE-DIMENSIONAL CASE
LEMMA 11. Given that three-dimensional parallelepiped with

sides (s;, S, S3) is magic, then the average number of blocks
for a parallelepiped with sides (s, + 1, S, S3) iS:
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22m+d2 +d; —3max

b(s, +1,s,, 83) =b(s,, 55, 85) + +

7 max+1 —max
8-g (2™ + 2™
7 7 2
m{(~d d —2max
2 (22+23)(§2 —Emax+§]

where max = Llog(min(sl + 1, sy, 33))J and, as before,
s =2 —1(i=1,2,3).

Proor. We follow the same reasoning as for the case of

Lemma 9. If (x; + s;+ 1) mod 2 # 0 (which may happen
with probability 1/2), then according to the Slicing
and Unit Observations we calculate the new number
of blocks to be:

b(x;, s, +1, X5, Sy, X5, Sg)
=b(s,, S,, S3) + S, %5,
If (x, +s;+ 1) mod 2 =0 but (x; +s; + 1) mod 4 # 0,
then with probability equal to 1/4 we have:

(X, S, + 1, Xy, Sy, X5, Sg) =D(Sy, Sy, S5) S, %S, —

337

In an analogous manner, with probability equal to
1/8 (for the case (x; + s; + 1) mod 4 =0 but (x; + s, + 1)
mod 8 #0), we have:

b(X;, S, +1, Xy, Sy, X5, S3) = D(Sy, Sy, Sy) + S, %S, —
[ e ) ) e )
SLCHNESIRRR | (T ]

Thus, by generalizing and considering all the posi-
tions possibly taken by the end point in the first di-
mension, we conclude to the following expression:

b(s,+1,s,, S;) =b(sy, Sy, S3) +5, %S, —

b 2i1+1 %JEJQ(‘U”)*E%(“”*) _

i=1 j=2

1 S S, |7 max7 ..
2ma>< {Zmzax Ji‘zmsﬁx J§(4max - 1) + j=2 §(4J ' - 1)

which is averaged and independent of the anchor

point (X4, Xy, X3). After some algebra the expression of
the lemma follows. O
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