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Abstract

Objects like road networks, CAD/CAM components, elec-
trical or electronic circuits, molecules, can be represented
as graphs, in many modern applications. In this paper, we
propose an efficient and effective graph manipulation tech-
nigue that can be used in graph-based similarity search.
Given a query grapliZ,(V, E), we would like to determine
fast which are the graphs in the database that are similar
to G,(V, E), with respect to a similarity measure. First, we
study the similarity measure between two graphs. Then, we
discuss graph representation techniques by means of multi-
dimensional vectors. It is shown that no false dismissals are
introduced by using the vector representation. Finally we il-
lustrate some representative queries that can be handled by ®)
our approach, and present experimental results, based on
the proposed graph similarity algorithm. The results show  Figure 1. (a) Road network, (b) The graph rep-
that considerable savings are obtained with respectto com-  resentation.
putational effort and I/O operations, in comparison to con-
ventional searching techniques. In graph databases, two similarity search operations can
be applied: whole-graph search, and sub-graph search. In
the former, given a query graph,(V, E) we require all

; similar graphs, assuming that each graph is an atomic object
1 Introduction in the database. On the other hand, in sub-graph searching,
givena query grapty,(V, E) we are interested also in iden-
“tifying graphs that have sub-graphs similadg(V, E). In

Many modern applications handle objects that can be rep

resented as graphs. Transportation applications need to m his paper, we focus on whole-graph search, since it is sim-

mpula}e rpad network§, CAD/CAM appllcatlons require the pler than sub-graph search, and leads to more elegant solu-
organization of electrical or electronic components, pat- tions

tern recognition and computer vision applications require
the classification of an unknown object, chemistry and

. L . . d ied thoroughly in the literature [4]. Among them there are
molecular biology applications require the manipulation of simple graphs pseudo-graphgwith loops), multi-graphs
molecules. In the aforementioned applications, as well as in ple grapnsp grap PS), grap

much more, the objects are structural in nature and therefore‘tWO or more edges connecting a pair of verticefiicted

: ; graphs (the edges have an orientatiomjeighted graphs
can be considered as graphs. A grgfilv, E) is composed . . . .
of a setV of vertices orgno?jes ang a sBtof gdges orplines. (there is a weight associated with each edge). We assume

. . . that the underlying graph database consists of a number
An edge connects two vertices. An example is illustrated in ; .
X of simple graphspseudo-graphand multi-graphs Each
Figure 1.
graph may b&onnectedr composed of a number obn-
*Supported by TMR CHOROCHRONOS (FMRX-CT96-0056) nected components

A number of graph classes have been identified and stud-




The rest of the work is organized as follows: Section 2 e The study of structure-based similarity query process-
presents related work and the motivation behind this work. ing algorithms by means of an experimental evaluation
Section 3 illustrates some graph similarity concepts. In Sec- procedure.
tion 4, the vector representation of graphs is discussed and . .
explainedin detail. Section 5 presents similarity queriesand 1€ capability of searching the database by means of

experimental results. Finally, Section 6 concludes the paperSimilarity-based algorithms is very advantageous. From one
and motivates for further research. viewpoint, allows the retrieval of objects that are similar to a

given query object. From another viewpoint, offers flexibil-
o ity in query processing, since some objects may be subject
2 Related Research and Motivation to distortion and therefore the exact-match query is not suf-
ficient for users’ needs. Moreover, some data mining tech-

The problem of similarity between structured objects has Niques are based on structural similarity concepts [5]. In
been studied in the domain of structural pattern recognition conclusion, the efficient processing of structure-based sim-
and pattern analysis. In [10] the graph distance measuredarity queries in large databases is very important towards
are grouped into two categories: satisfying the demands of modern applications.

o Feature-Based Distancea:set of features is extracted 3 Similarity Concepts
from the structural representation, and these features
are used as am-d vector where the Euclidean distance

can be applied. In some application domains, the concept of similarity is

intuitive. For example, two color images are similar if they

have a resemblance with respect to the color distributions,

or two persons are similar if the share some common char-

acteristics and differ in some others but not significantly.

On the other hand, two entities are the same, if we can not
Tsai and Fu worked on exploiting error-correcting codes distinguish between them. For example, we can not distin-

of attributed relational graphs to express similarities [11, 9UiSh between two copies of the same image, or among a

12], in order to perform pattern analysis and syntactic pat- c0lléction of identical pieces of paper.

tern recognition. The concept of inexact graph matchinghas "€ concept of similarity or dissimilarity is expressed

been also used by Bunke and Allermann in [3] and applied PY means of a distance function. 7 is a domaindist :

to structural pattern recognition. Sanfeliu and Fu [10] de- P X P — R* is a mapping function, and € D,y € D

fine a distance between attributed relational graphs (ARGs) '€ tWo objects, then the similarity between them can be

based on a descriptive graph grammar. A recent discussiorgXPressed byiist(z,y). Very often, the functionlist is a
on discovering structural similarities can be found in [5].  Metric, satisfying the three fundamental properties (metric

The common characteristic of the aforementioned re- SPac® properties), non-negativity, symmetry and triangular

search efforts is that the emphasis is given in how fast theln€auality.

distance of two structured objects can be determined. Al- )

though this is extremely useful when the distance calcula-3-1 Graph Distance

tion is executed often, our viewpoint is database-oriented.

We are interested in efficient algorithms and access method#\ssume now that we are given two graph objegisc G

exploitation, towards similarity search in large databases ofandG» € G, whereg is the graph domain. The problem

structural objects. is to define a similarity measure, in order to distinguish be-
The approach followed here is general and can be appliedween them. A similar issue is to determine if the graphs are

to every application that manipulates structural objects andidentical or not. In order to continue, we need to introduce

requires structure-based similarity retrieval. Our primary the concept ofraph isomorphism

objectives are:

e Cost-Based Distanceghe distance between two ob-
jects measures the number of modifications required
in order to transform the first object to the second.

Definition 1
e The extraction of representative features from the Two graphsG,(Vi, E1) € G andG2(Vz, E;) € G areiso-
graph objects, which have a clear meaning to the user.morphicif there is a one-to-one correspondence between
the nodes such that adjacency is preserved. More formally,
e The definition of a meaningful cost-based distance be- G, and G, are isomorphic if there is a one-to-one func-
tween graphs (which satisfies the metric space proper-tion ¢ from V; onto Vs such thaw;v; € E; if and only if
ties) and the calculation of this distance by means of ¢(v;)é(v;) € Es.
the feature vectors.



Although graph isomorphism is a concept that helps in
graph comparison, it can be used only to determine if two
graphs are isomorphic or not. However, we would like to
have a distance functiafiste(G1,G2), G1,G2 € G, ex-
pressing the degree of similarity betwe@pn andG,. The
similarity betweerG; andG- can be expressed as the min-
imum number of primitive operations (structural modifica-
tions) that need to be applied €, in order to be as close
to G as possible.

In Figure 2 three graph§;, G> andGj are illustrated.

It is evident, that7; is “closer” toG» than toGs. This is
because we need to add just one edgétan order to get

Lemma 2

Given two graphs?; € G andG. € G with histo(G1)
andhisto(G2) two graph histograms, theh, (histo(G),
histo(G2)) gives the number of primitive operations (not
necessarily the minimum) required to transfaimin order

to have the same order, size and degree sequencé&with
More formally:

| Li(histo(G1), histo(Ga)) > dista(G1,Ga)| (1)

Lemma 2 suggests that determining the number of primitive

G2, whereas we need one extra edge and one extra vertex imperations that need to be appliedpin order to have the

order to getGs.

A A
d % & &%

Figure 2. Similarity among graphs:
similar to G, than Gs.

G ismore

The primitive operations that we propose to perform on
a graph are: vertex insertion, vertex deletion and vertex up-
date. During vertex insertion, a new verteis added to the
set of V' of vertices. Vertex deletion signals the removal of
a vertex from the set’” of vertices. Finally, vertex update
is the operation performed on a vertexn order to insert
(remove) an incident edge to (from) Using these prim-
itive operations on the graphs of Figure 2, two primitive
operations are required @, to be matched wittt7, (two
vertex updates), whereas we need three operatiors;on
to be matched witld73 (one vertex insertion and two vertex
updates). Therefore, under this similarity framework, we
conclude tha&7; is more similar ta&, than toGs.

3.2 Distance Calculation

The problem arising is how can we calculate the value
diste(G1,G2), which expresses the similarity between the
two graph objects/;, G». In this respect, we introduce the
concept ofgraph histogram Given a graptG(V, E), its

same order, size and degree sequencediticorresponds

to the Manhattan distance of two arbitrary graph histograms
of G andG>. However, this does not guarantee that the
number of primitive operations is the minimum.

Theorem 1

Given two graphg7; € G andGy € G with histos(G1)
andhistos(G2) the corresponding sorted graph histograms,
thenL (histos(G1), histos(G2)) gives the minimum num-

ber of primitive operations required to transfoé, in or-

der to have the same order, size and degree sequence with
G>. More formally:

‘ Ly (histos(Gh), histos(G2)) = distq(G1,G2) ‘ ()

4 The Vector Representation of Graphs

If the size of the database is relatively small, then sequen-
tial search can be applied directly to the sorted graph his-
tograms in order to determine similar objects. However,
this technique causes performance degradation for large or
very large databases. Therefore, additional auxiliary mech-
anisms need to be exploited. In this respect, the focus is
to apply efficient indexing techniques towards fast similar-
ity search in large graph databases. One possible solution
is to use the sorted histograms to build a multi-dimensional
index structure. Although the tools are available, there are
two main disadvantages with this approach:

histogram is constructed by calculating the degree of each
vertex of the graph. Then, each vertex corresponds to a dif- 1. The order of the graphs is not constant. This means

ferent histogram bin. If we sort the histogram bins in de-
creasing order, we obtain tiserted graph histogramAlso,

we increment the histogram values by one (this will be jus-
tified later).

Lemmal
Given a graplG(V, E) and a vertex € V with deg(v) =
0, the corresponding graph histogram bin has a value of 1.

that very small graphs (5-10 vertices) as well as
larger graphs (100-200 vertices) may be stored in the
database. This causes a major problem in selecting the
dimensionality of the index.

. By selecting a sufficiently large dimensionality (e.g.
256 dimensions) thelimensionality cursds intro-
duced, deteriorating the performance of similarity
search [6].



In order to overcome the aforementioned difficulties, we e Isomorphic Query given a query grapldéz,(V;, E,)
propose to apply a transformation to the histograms and we ask for all graphs in the database which are iso-
map each graph object to a vector, with reduced dimension- morphic toG,.

ality. The maximum number of vertices is assumed to be

We illustr xperimental results for the similarity ran
known. Henceforth, we assume that a graph can have at € llustrate experimental results for the similarity range

. . uery only, due to lack of available space, and study the per-
mostwv vertices. Therefore, each graph can be considere o ) o
; . formance of similarity range queries with different parame-
as a vector in the-d space. As stated previously, our goal

. e . T . 2 ter values. The results presented are average values of 100
is to reduce this dimensionality, in order to provide efficient . . )

. . gueries, and each point query is selected from the database.
query processing techniques.

Let SHy, = (21,29, .y) and SHs = ( ) The database is composed of 50000 random graphs. Each
be two sorlted gralléih2r’1i-s“toarams. If ; (_Jlrapyh1 ,hyaQé-I.(-e’syquthan graph has between 10 and 256 vertices, and between 50 and

vertices, then zeros are padded to the end of the corresponoz-.000 edges. The disk page size is set to 4KBytes and the

ing sorted histogram. As the following theorem states, if we disk cluster size is set to 4 pages.

g : . : . . We assume that an*Rree [1] is used to index the de-
combine neighboring histogram bins together, the distance . d h Oth hod Idb d
is lower-bounded. rived graph vectors. Other access methods could be used as

well (e.g. X-tree [2]).

Theorem 2
If SH, and SH, are two sorted histograms with bins 16380 Sef: 50,000 random graphs
each, andf is a positive integer number, such thats di-
visible by f, then the following holds: “0se DU B e e
1024 S R
| Li(SHy, SHy) > Ly (Vi,V3) | (3)
g Py oo I Y VNPT Koo P h e -
where: 3 5
3 64 -
f 2f n E o
V1 = Z;J}j, .lej,..., Z T 1 . o ; g:m%:
j= i=f+ j=n—f 4 DiMa =
DIM 16 <—
f Zf n 11 2 4 8 16 32 64 128 256 512 1024
VZ - Zyj, Z Yjyoens Z Yj EPSILON
=1 j=f+1 j=n—f

. . Figure 3. Number of disk accesses vs. .
Theorem 2 guarantees that during search in the feature g ¢

space, there will be no false dismissals, and therefore no an-
swer will be missed. However, false alarms are introduced . Set: 50,000 random graphs ,
which can be eliminated during the refinement step. o

4096

5 Performance Evaluation L o e
% 256 = e S
After the transformation process from the histogram space F S TP L /
to the feature space is completed, a multidimensional access é 84 % “'/
method (e.g. R-tree) can be exploited in order to speed- S L B N
up searching. The motivation behind the exploitation of an o DM 2 -
access method lies in the queries we like to perform against g B Biig
the underlying data. We focus on the following queries, that I s S 2
are characterized agaph similarity queries R Byt e me e

e Range Query given a query graplé,(V;,, E;) and
a tolerancee > 0, we ask for all graph objects
G.(V, E,) inthe database such that the distance from
G, to G, is less than or equal 10

Figure 4. Number of candidate objects vs. .

Figure 3 illustrates the number of disk accesses vs. the
value of the distance. We observe that by increasing the
dimensionality of the histograms, more disk accesses are
¢ Nearest-Neighbor Query given a query graph introduced. Using 1-D histograms, is more efficient than

G,(V,, E;) and an integek, we ask for thek graph using 16-D histograms. This was anticipated, because more

objectsG, (V, E;) which are closer ta7, than the space is needed by the index, and more dead space is in-

other database objects. troduced increasing the number of disk accesses. Figure



Set: 50,000 random graphs
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Figure 5. Total running time vs.  e.

[4]
4 shows the number of candidate objects retrieved during
processing. For 1-D histograms we obtain a large num- 5]
ber of candidates, whereas using 16-D histograms the num-
ber of candidates is considerably smaller. These candidates
are the objects that satisfy the query, plus the false drops
that are introduced. By increasing the number of dimen-
sions, the number of objects is decreasing because there are
less false drops. Figure 5 depicts the total elapsed time forl6]
similarity range queries, for dimensions 1 to 16. The cost
of sequential search is also included. We observe that form
small query ranges (< 16), using 1-D histograms is suffi-
cient. However, as thevalue increases, more dimensions
are needed in order to guarantee efficiency. Using 2-D or
4-D histograms we obtain satisfactory results, for a realistic
range ofe values. Recall that for very large valuescdhe
concept of similarity is degenerated, since many of the out-[8]
put graphs may not be so similar with respect to the input
graph. The reason is that th@alue represents the number
of structural modifications that need to be applied.

9]

6 Concluding Remarks

In this paper, we studied similarity query processing in [10]
structural databases, where a large collection of graph ob-
jects is manipulated. The results of the experiment series
have shown that the improvement in the search is con-
siderable, in comparison to the sequential search of the
database. Moreover, the similarity measures defined havd1l]
a clear meaning to the user and therefore can be used for
similarity search introducing only false alarms and never
false dismissals. Future research may include: (a) the con-
sideration of other graph classes, like weighted, directed 12]
and attributed relational graphs, (b) the investigation of sub-
graph similarity searching, which is a very challenging and
interesting problem for large databases, and (c) he appli-
cation and support of user-defined transformation mecha-

nisms, where for example an edge insertion may be consid-
ered more costly than a vertex insertion.
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